We address the problem of characterising the compatible tuples of measurements that admit a unique joint measurement. We derive a uniqueness criterion based on the method of perturbations and apply it to show that extremal points of the set of compatible tuples admit a unique joint measurement, while all tuples that admit a unique joint measurement lie in the boundary of such a set. We also provide counter-examples showing that none of these properties are both necessary and sufficient, thus completely describing the relation between joint measurement uniqueness and the structure of the compatible set. As a by-product of our investigations, we completely characterise the extremal and boundary points of the set of general tuples of measurements and of the subset of compatible tuples.
I. INTRODUCTION
Among the many counter-intuitive features of quantum theory, the fact that we cannot perfectly implement certain measurements concomitantly lies among the most remarkable ones. This fundamental incompatibility, captured by the notion of joint measurability [1] , lies in the core of a myriad of phenomena and applications of the theory, such as Bell nonlocality [2] , uncertainty relations [3] and quantum key distribution [4] .
Similarly to the role played by entanglement in the study of the set of quantum states, measurement compatibility motivates us to investigate the set of quantum measurements. Although this set is well-understood in terms of extremal and boundary points [5] , the richer set composed of tuples (ordered sets) of measurements remains to be investigated. In particular, little is known about the subset of jointly measurable tuples of measurements.
Joint measurability refers to the property of a tuple of measurements to be implemented as a single one, the so-called joint measurement. Therefore, the joint measurability of such a tuple is equivalent to the existence of a joint measurement. The starting point of this work is to understand the duality existence-uniqueness in this case, posing the follow up question: what compatible tuples of measurements admit a unique joint measurement?
In the particular case of compatible tuples of projective measurements we do have a unique joint measurement. Joint measurement uniqueness can be further connected to the concepts of greatest and maximal lower bounds [6] . The extremality of the measurements in the tuple was also studied, and found to be related to the extremality and uniqueness of the corresponding joint measurement [7] , but not equivalent. This property is also sufficient for * leonardo.guerini@icfo.eu some relations between joint measurability and coexistence [8] , but the extremality of the tuple itself was never considered. Since the set of jointly measurable tuples is a convex proper subset of the set of general tuples of measurements, a natural idea is to investigate the relation between joint measurement uniqueness and the extremality/boundary property of tuples in this set ( Figure 1 ).
In this work we characterise the extremal and boundary points of the sets of general and compatible tuples of measurements. We prove that a compatible tuple is extremal (respectively, in the boundary) in the compatible set if and only if its joint measurement is extremal (respectively, in the boundary) in the corresponding set of single measurements.
Furthermore, we generalise the perturbation technique introduced in Ref. [5] and derive a criterion for deciding whether a given compatible tuple admits a unique joint measurement. We apply it to prove necessary and sufficient conditions for joint measurement uniqueness, namely that (i) extremal tuples (in the compatible set) admit a unique joint measurement, and (ii) tuples admitting a unique joint measurement lie in the boundary of the compatible set. We also present examples showing that none of this conditions is both necessary and sufficient, therefore completely determining the relation between uniqueness and the structure of the compatible set.
II. PRELIMINARIES
Let H be a d-dimensional Hilbert space and Herm(H) be the set of Hermitian operators acting on H. A quantum measurement on H with n outcomes is modelled by a POVM (positive-operator-valued measure), which is a tuple A = (A 1 , . . . , A n ) ∈ Herm(H) n of positive semidefinite operators satisfying i A i = I, where each A i corresponds to outcome i and I is the identity operator on H. The operators A i are called the effects of A. In the case where the effects A i are projectors, we say that A is a projective measurement. Notice that some effects might be null, corresponding to outcomes that never occur.
We denote the set of n-outcome qudit measurements by P(d, n), or simply by P if the dimension and number of outcomes are redundant. P is a convex set. Indeed, given A, B ∈ P and p ∈ [0, 1], their convex combination pA + (1 − p)B =: C ∈ P is the measurement defined by the effects
A measurement is extremal (in P) if it cannot be decomposed into the convex combination of two different POVMs.
A tuple [9] of m n-outcome
Hence, all POVM elements A (j) i can be recovered by coarse-graining over M. Notice that the normalisation s as M a1,...,am = I is guaranteed by the normalisation of any of the POVMs once the marginal constraints are satisfied, thus M is a valid POVM. We denote by J m (d, n) the subset of P(d, n) m composed by jointly measurable tuples of m POVMs. Again, for ease of notation, we will use simply P m and J m whenever the dimension and number of outcomes are redundant.
One can write a feasibility SDP (semidefinite programme) to decide whether a given tuple of POVMs A is jointly measurable [10] :
An SDP formulation of a problem is valuable since this is a class of problems that can be solved computationally in an efficient way.
We can depolarise a POVM A by applying the depolarising map
to each effect A i , where t ∈ [0, 1] is called the visibility of the depolarised POVM. Hence we write
Notice that depolarising A is equivalent to mixing it with a trivial POVM having all effects proportional to the identity,
where
By depolarising each POVM in a tuple A = [A (j) ] of measurements we obtain a depolarised tuple
Every tuple A becomes jointly measurable if depolarised enough, i.e., for sufficiently small t. It is straightforward to modify SDP (2) to find the maximum depolarisation parameter t that makes a target tuple [A (j) ] jointly measurable [11] .
We are interested in characterising the tuples that admit a unique joint measurement. Notice that if M, M are two joint measurements for a fixed tuple of measurements A, then any convex combination N = pM+(1−p)M satisfies Eqs. (1) , showing that N is also a joint measurement for this tuple. Therefore the set of joint measurements for A is convex. In particular, since every parameter p ∈ [0, 1] provides a different joint N, we have that for every tuple of POVMs there are exactly zero (in the incompatible case), one or infinitely many joint measurements for it.
III. PERTURBATIONS FOR POVMS
We approach the problem of deciding whether a given compatible tuple of POVMs admits a unique joint measurement by adapting the perturbation method introduced in Ref. [5] . For every measurement A ∈ P(d, n), there are infinitely many tuples D A ∈ Herm(H) n that preserves its POVMness, i.e., satisfying
and therefore ensuring that A + D A is still a valid POVM. Notice that we require no positive semi-definitiveness from the perturbation operators (nor could they all be positive semi-definite without being trivial, due to Eq. (7b)). We say that such tuples D A are POVM-preserving perturbations for A. Example 1. We can interpret a depolarised POVM Φ t (A) as a perturbed version of A, as already hinted in Eq. (5). For every A ∈ P(d, n), the tuple D Tr defined by
for i = 1, . . . , n, satisfies Eqs. (7), and also
Therefore, (1 − t)D Tr is a POVM-preserving perturbation for A for any t ∈ [0, 1]. We call D Tr the depolarising perturbation for A.
As already pointed in Ref. [5] , we can apply the perturbation method to decide on the extremality of a measurement. Namely, a POVM A is extremal if and only if it does not possess any non-null perturbation D A that is symmetric, in the sense that −D
A is also a POVMpreserving perturbation for A. Otherwise, there would be the convex decomposition
witnessing the non-extremality of A. The set P(d, n) m of tuples of measurements inherits the convex structure of P(d, n) once we define the convex combination componentwise. Hence, we can introduce perturbations for a tuple of POVMs. We say that
m ) if and only if there is no symmetric perturbation D A = 0 for A. Consequently, the extremality of A is strongly bonded to the extremality of its elements. For sake of completeness we prove the following characterisation, that holds for any Cartesian product such as
Theorem 1. A tuple of measurements
A = [A (1) , . . . , A (m) ] ∈ P m is extremal in P m if
and only if each of its elements
Proof. We prove both directions by contraposition. Suppose, without loss of generality, that A (1) is not extremal, and that D = 0 is a symmetric perturbation for it. Hence, D = [D, 0, . . . , 0] is a non-null symmetric perturbation for A, which therefore is not extremal.
Conversely, if A is not extremal in P m , then there exists a non-null symmetric perturbation
Since D (j0) is non-null for some j 0 and by definition it is a symmetric perturbation for A (j0) , we conclude that
The set of main interest in this work is J m , the subset of P m of jointly measurable tuples of measurements. Given Analogously to a perturbation that preserves POVMness, we can study perturbations that preserve the marginals of a joint measurement. More specifically, given a joint measurement M for a tuple A, we can search for a marginal-preserving perturbation
is still a joint measurement for A. This is equivalent to say that
Notice that Eqs. (11) also ensure that D M preserves the POVMness of M, hence a marginal-preserving perturbation is a particular case of a POVM-preserving perturbation.
As before, one can write an SDP to decide whether there is a perturbation that preserves the marginals for a given joint measurement M, 
IV. EXTREMALITY AND UNIQUENESS
Now that we have a criterion to decide on the uniqueness of joint measurements, in this section we study its relation with the extremality of the tuple of POVMs A in question. More specifically, we prove that the extremality of the tuple in the compatible set is sufficient to guarantee the uniqueness of the joint measurement. The proof is based on the idea of constructing a JM-preserving perturbation for a compatible tuple starting from a marginalpreserving perturbation for its joint measurement. Proof. We prove the contrapositive of the above statement, namely that if the joint measurement is not unique, then A is not extremal in J m . Suppose that M (1) , M (2) are two different joint measurements for A, and define D = M (2) − M (1) . Hence the perturbation D satisfies
Since M (1) = M (2) , there is at least one non-null perturbation operator D a1...am . Without loss of generality, lets assume D 1...1 = 0; otherwise we could consider a relabeling of the POVMs in A whose joint measurements satisfy this property, and both joint measurability and number of joint measurements are preserved by relabelings. We will now construct symmetric perturbations for each of the POVMs A (j) in A that form a symmetric JMpreserving perturbation for A. 
Consider the POVMs
Notice that, again due to Eq. (13c),
and therefore
m, defines a valid tuple of POVMs
which are jointly measurable by definition, since were born from the joint measurement M + . Analogously, the marginals
define valid measurements A (j),− that compose a compatible tuple of POVMs A − , the offspring of M − . We finish the proof by pointing that
is a non-trivial decomposition, since
, which in turn guarantees that
The proof of Theorem 3 allows for the following corollaries, further relating properties of the tuple with features of the joint measurement. Corollary 4 and a weaker version of Corollary 5 (requiring the tuple to be extremal both on P m and J m ) were already proved in Ref. [7] , in the context of operator algebras. 
Corollary 4. Let
Therefore, if the joint measurement is not unique, then A (j) is not extremal, for any j = 1, . . . , m.
and only if its (unique) joint measurement is extremal in
Proof. We start by proving the "only if" part. Suppose M is a joint measurement for A and that exists a per-
If D is a marginal-preserving perturbation, then A admits more than one joint measurement and by Theorem 3 we have that A is not extremal. It is left to prove now the case in which D is not marginal-preserving.
For each j ∈ {1, . . . , m} and i ∈ {1, . . . , n}, consider and for A ± = [A (j),± ] j we have the non-trivial decomposition
Since
Conversely, suppose that A is not extremal in J m (d, n). 
Then there exist compatible tuples
A + = A − ∈ J m (d, n) such that A = (A + + A − )/
Since extremal measurements in dimension d have at most d
2 non-null effects [5] , Corollary 5 implies that any joint measurement with more than d 2 non-null effects corresponds to non-extremal tuples.
The following example illustrates Corollary 4 and at the same time shows that the converse of Theorem 3 is false. 
and therefore is not extremal in However, every time we have a tuple of trivial POVMs and at least two of them are not deterministic, we can show that it admits an infinite number of joint measurements. 
Proposition 6. Let
Without loss of generality, assume that p (1) , p (2) are nondeterministic, and hence each vector has two non-null entries, say p
2 > 0. Furthermore, assume that p (j) 1 > 0, ∀j > 2 (since some entry of every p (j) must be non-null).
Let us now construct a marginal-preserving perturbation for M. Consider α = min{p
1 ; a, b ∈ {1, 2}}. Given our assumptions, this set contains only strictly positive elements, and therefore α > 0. Notice now that
This shows that the perturbation D defined by
otherwise preserves the marginals of M, since it is straightforward to check that the marginals of D sum up to zero. We now apply Proposition 2 to conclude that there are multiple joint measurements for A.
Trivial measurements can be argued to be the simplest class of measurements, and therefore it is natural to study its properties first. Here we have a second motivation to do so: recalling Eq. (5), we see that depolarised versions of a measurement can be interpreted as combinations of the original measurement with a trivial one related to it.
V. BOUNDARY AND UNIQUENESS
We consider now the boundary of the sets P m and J m of general and jointly measurable tuples of m POVMs. The boundary ∂(P m ) is the set of tuples of POVMs A ∈ P m for which there exists a perturbation D A such that A + D A ∈ P m , and for all > 0, A − D A / ∈ P m . In this case, we say that the perturbation D A witnesses that A lies in the boundary (see Fig. 2 ). We define the boundary of J m analogously, and denote it by ∂(J m ). Both concepts are natural generalisations of the boundary of the set of measurements, ∂(P). In Ref. [5] it is shown that a measurement lies in ∂(P) if and only if it has an effect with a non-trivial kernel, i.e., which is not full-rank. Our goal now is to find similar characterisations for ∂(P m ) and ∂(J m ).
We recur to the concept of boundary to capture the idea of having flat parts in the "shape" of a convex set, corresponding to non-extremal points. It is clear from the definition that extremal tuples, either in P m or J m , are a particular case of tuples in the boundary of the given set. We can even use any perturbation to illustrate this fact, since for any given perturbation D for the extremal tuple A it follows that D is also a valid perturbation, for any ∈ [0, 1]. Thus if − D also preserves the POVMness/joint measurability of A, then it is a symmetric perturbation with this property, contradicting the extremality of A. /2 )I, − I/2), which is not a valid POVM due to its second effect. Therefore, A ∈ ∂(P (2, 2) 2 ). Since D also preserves the joint measurability of A, we actually see that A ∈ ∂(J 2 (2, 2)) ∩ ∂(P (2, 2) 2 ).
In Example 3 we took advantage of the fact that the first POVM (I, 0) of A is an extremal measurement. It is simple to generalise the reasoning above to show that if any POVM of A lies in the boundary ∂(P), then A belongs to the boundary ∂(P m ). This is another particular case of a characterisation that holds for arbitrary Cartesian products.
Theorem 7. Let
A = [A (1) , . . . , A (m) ] ∈ P m be a tuple of measurements. Then A ∈ ∂(P m ) if and only if A (j) ∈ ∂(P) for some j ∈ {1, . . . , m}.
Proof. Suppose initially that
This means that for every n ∈ N there exists a measurement
Since there is a finite number of POVMs in A, at least one of them satisfies the prior condition for infinitely many values of n, implying that for such j we have We now proceed to investigate the boundary ∂(J m ) of the compatible set. We are able to connect the boundary property of the compatible tuple to such property of the joint measurement. 
for j = 1, . . . , m, i = 1, . . . , n, although we have no preservation of the positive semidefinitiveness condition (nor could have, since possibly none of the operators D (j) i are positive semidefinite). Notice now that M + S = M is a valid POVM, which implies that S is a POVM-preserving perturbation for M. It is straightforward to check that for any > 0 the marginals of M − S yield the elements of A − D, but since we know that A − D / ∈ J m we conclude that M a1. ..am − S a1...am 0 for some a 1 , . . . , a m . Hence M − S is not a valid measurement for any > 0, and M ∈ ∂(P).
Assume now that A / ∈ ∂(J m ). We will show that there exists a joint measurement M for A such that every effect of it is full-rank, which implies that it does not belong to boundary of P [5] .
If A is jointly measurable but does not belong to the boundary of J m , then for every JM-preserving perturbation D there exists an > 0 such that A := A − D is still a jointly measurable tuple. Taking D to be formed by depolarising perturbations (see Eq. (8) 
where Eq. (29) implies that the combination
of the joint measurement M for A and a joint measurement M Tr for A Tr is a joint measurement for A. We conclude the proof by seeing that each effect of M is a sum of a full-rank and a positive semidefinite operators, which therefore is full-rank. Thus, M / ∈ ∂(P(d, n m )). n) ) then the set of joint measurements for A is contained in the boundary ∂(P(d, n m )) ( Figure 4 ). In particular, since this set is convex, we conclude that it contains a unique element or all its elements belong to the same facet of the boundary; otherwise, some joint measurement for A would lie in the interior of P(d, n m ). Our next result establishes that the boundary property is a necessary condition for tuples to have a unique joint measurement. Proof. Once more the proof is by contraposition. Lets assume A / ∈ ∂(J m ). According to Proposition 7, this means that A does not contain any extremal measurement, and in particular, any deterministic POVM.
Theorem 8 says that if
Analogously to the previous proof, we can use the fact that A is not in the boundary to write it as
where 
with a = ±1, w = x, y, z, associated to the Pauli observables. The tuple Φ t (A (xyz) ) is jointly measurable for any t < t * = 1/ √ 3 [12] . At visibility t * , an 8-outcome joint measurement M is given by the effects 2, 2) ), the boundary of the corresponding compatible set. Indeed, if that was not the case then we would be able use the depolarising perturbation D
Tr to find a less-depolarised version of A (xyz) still jointly measurable. However, as already pointed in Ref. [12] , this tuple admits more than one joint measurement. The 8-outcome . We apply a straightforward modification to SDP (12) to check that there is no marginal-preserving perturbation for M orthogonal to D, hence concluding that the set of joint measurements for A (xyz) is completely described by convex combinations of M + , M − . Therefore, Φ t * (A (xyz) ) has many joint measurements, even though it lies in the boundary of the compatible set. On the other hand, Theorem 3 tells us that A (xyz) is not an extremal tuple in J 3 (2, 2). Indeed, we find the decomposition
where B = [B (1) , B (2) , B (3) ] is given by
and C = [C (1) , C (2) , C (3) ] is given by
(A (y) ) (36c)
It is simple to check that B and C are jointly measurable and extremal in J 3 (2, 2).
The above decomposition emphasize the relevance of tuples in which some measurements are more depolarised than others, such as B and C.
VI. DISCUSSION AND CONCLUSION
We introduced the notion of property-preserving perturbations for tuples of measurements and for joint measurements, and derived a criterion for deciding on the uniqueness of a joint measurement based on it. By interpreting the depolarising map as the action of a perturbation, we proved that extremality in the set J m of compatible tuples is a sufficient condition for joint measurement uniqueness, while belonging to the boundary of J m is a necessary one. We also provided counter-examples showing that none of these conditions are both necessary and sufficient.
As a by-product, we were led to characterise the extremal and boundary points of the sets of general tuples of measurements P m and of compatible tuples J m , extending well-known results to these so-far unexplored grounds. With our machinery we also recover previous results in the context of operator algebras, regarding the extremality of the measurements in the tuple [7, 8] . (See Table I for a summary of our results.) It would be interesting to see if the other results we derived here can also be obtained by the operator algebras approach.
In the case where the joint measurement is not unique, a natural question would be to find criteria for deciding on the optimal one. Each such criterion would provide an unambiguous way of relating each compatible tuple to a unique joint measurement.
Another raised problem is to relate our questions here to other notions of compatibility, such as coexistence [13] , as well as to the topic of Einstein-PodolskyRosen steering [14] , which is closely connected to joint measurability [15, 16] . Using this connection, each joint measurement for a tuple of POVMs [B] corresponds to a local-hidden-state (LHS) model for the assemblage {σ i|B = Tr A (ΨB (i) ⊗ I)}, where Ψ is a fixed full-Schmidtrank bipartite state. Then each of our results translates to a relation between such extremal/boundary assemblages and their (possibly unique) LHS models. A natural next step would be to consider unsteerable states, that is, states for which every assemblage generated by them can be described in terms of an LHS model. In this scenario, one can ask what is the relation between the boundary/extremal properties in the set of unsteerable states and the uniqueness of the LHS model (for all measurements).
Since not even for the simplest case of Werner states the boundary of such set is completely understood, the techniques presented here might prove to be useful in this context.
